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Abstract
The mechanisms of dislocation/precipitate interactions were analyzed in
an Al-Cu alloy containing a homogeneous dispersion of θ′ precipitates by
means of discrete dislocation dynamics simulations. The simulations were
carried out within the framework of the discrete-continuous method and the
precipitates were assumed to be impenetrable by dislocations. The main pa-
rameters that determine the dislocation/precipitate interactions (elastic mis-
match, stress-free transformation strains, dislocation mobility and cross-slip
rate) were obtained from atomistic simulations, while the size, shape, spa-
tial distribution and volume fraction of the precipitates were obtained from
transmission electron microscopy. The predictions of the critical resolved
shear stress (including the contribution of solid solution) were in agreement
with the experimental results obtained by means of compression tests in mi-
cropillars of the Al-Cu alloy oriented for single slip. The simulations revealed
that the most important contribution to the precipitation hardening of the
alloy was provided by the stress-free transformation strains followed by the
solution hardening and the Orowan mechanism due to the bow-out of the
dislocations around the precipitates.
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1. Introduction
Precipitation hardening is one of the most effective mechanisms for in-
creasing the strength of metallic alloys [1, 2, 3]. Dislocation glide along the
crystallographic planes is hindered by the presence of nm-sized precipitates,
increasing the critical resolved shear stress (CRSS) to move dislocations.
The efficiency of precipitation hardening is known to depend on geometrical
factors (size, shape, volume fraction and spatial distribution of the precipi-
tates with respect to the glide plane) and on the actual mechanisms of dis-
location/precipitate interactions. In general, small precipitates (< 10 nm)
coherent with the matrix tend to be sheared by dislocations while large pre-
cipitates (> 50 nm) with incoherent interfaces are by-passed by the formation
of Orowan loops or by dislocation cross-slip to other crystallographic planes.
Modelling precipitate hardening in the case of obstacles impenetrable to
dislocations was pioneered by Orowan using a constant line tension model
and assuming that the precipitates were arranged in a square lattice in the
slip plane and that the precipitate cross-section in the slip plane was circular
[4]. He predicted that the dislocation bowed around the obstacle leaving a
dislocation loop around the precipitate and that the CRSS was inversely pro-
portional to the precipitate spacing. These results were in good qualitative
agreement with experimental observations and the Orowan model has been
refined over the years leading to analytical expressions that take into account
the influence of the interaction stresses between the dislocation segments dur-
ing the formation of the loop [5], the spatial distribution of the precipitates in
the glide plane [6, 7] as well as the precipitate geometry and crystallographic
orientation [8] on the CRSS. Nevertheless, these simple models could not
provide quantitative estimations nor to explain why precipitation hardening
is very efficient in some metallic alloys (such as Al-Cu and Ni-Al) but not in
others (Mg alloys) [9].
More detailed analyses of the dislocation/precipitate interactions were
carried within the framework of discrete dislocation dynamics (DDD) simu-
lations. For instance, Xiang et al. [10, 11] used the level-set method to study
the interaction between dislocations and spherical precipitates and included
the effect of the misfit dilatational strain between the matrix and the pre-
cipitate for both shearable and non-shearable precipitates. They reported
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a large variety of by-pass mechanisms, including paths not restricted to the
initial dislocation glide plane, which point out the importance of dislocation
cross-slip or climb (which are thermally activated processes) in precipita-
tion hardening. It should be noted that these simulations did not take into
account the crystallography of slip, leading to limitations in the precise mod-
elling of the out-of-plane dislocation mobility.
Further investigations analyzed the interaction of dislocations with spher-
ical precipitates taking into account the crystallography of slip [12, 13, 14] and
and of dislocation cross-slip [15, 12] as well as the effect of the image stresses
induced by the elastic modulus mismatch between the matrix and the spher-
ical precipitate [16, 17, 15]. The results of these simulations were compared
with the predictions of the Orowan-based models, indicating the limitations
of the analytical approximations [12]. Other authors tried to account for the
details of the dislocation/precipitate interactions from atomistic simulations
[18, 19] and the dislocation mobility and core energy were also obtained
from calculations at lower length scales in [19], reinforcing the multiscale
approach. Nevertheless, all these simulations were still far away of provid-
ing parameter-free, quantitative estimations of precipitate-strengthening in
metallic alloys because they did not considered very important factors such
as the actual shape and crystallographic orientation of the precipitates and
of the coherency or transformation stresses around the precipitates. More re-
cent simulations [20, 21, 22] have demonstrated the large contribution of these
factors to the CRSS but direct comparison with experimental data including
all the relevant physical processes that determine the dislocation/precipitate
interactions are not available.
The objective of this investigation is to demonstrate that the CRSS
due to precipitation-hardening can be quantitatively predicted from DDD
simulations by taking into account all the factors that control the dislo-
cation/precipitate interactions. They include the dislocation mobility and
cross-slip probability, the interaction stresses between the dislocation and
the precipitate due to the elastic mismatch and to the transformation strains
around the precipitate, the solid-solution hardening contribution (which is
always present in precipitation-hardening alloys) as well as the size, shape
and spatial distribution of the precipitates in the matrix. Moreover, all the
parameters in the DDD simulations were obtained from ab initio and atom-
istic simulations or experimental observations without any adjustable pa-
rameters. The investigation was focussed in an Al-Cu alloy strengthened
with θ′ precipitates and the predictions obtained by means of the DDD sim-
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ulations were validated against the experimental results in this alloy. The
simulations showed the contribution of the different mechanisms (Orowan
looping, elastic mismatch, transformation strains, solution hardening, dislo-
cation cross-slip) to the overall hardening and explained why Al-Cu alloys
are efficiently strengthened by θ′ precipitates. Moreover, they also indicate
the key parameters that should be taking into account to design new alloys
with optimum response to precipitation hardening.
The paper is organized as follows. After the introduction, the experi-
mental results of the precipitate distribution and of the CRSS are presented
in section 2. The matrix and precipitate properties that influence the dis-
location/precipitate interactions (elastic constants, transformation strains)
obtained from ab initio simulations are reported in section 3. The DDD
strategy, including the details of the dislocation mobility and cross-slip laws,
are shown in section 4 while the results of the DDD simulations and the
experimental validation can be found in section 5. The conclusions of the
paper are summarized in section 6.
2. Material and experimental results
An Al - 4% wt. Cu (1.7 at.%) alloy was prepared using high-purity metals
by casting in an induction furnace (VSG 002 DS, PVA TePla). Samples were
machined from the ingot and subjected to homogenization and solution heat
treatments during 22 h at 540◦C followed by quenching in water, leading to
polycrystals with large average grain size (above several hundreds µm). Af-
terwards, the samples were aged at 180◦C for 168 hours. The structure, size,
shape and spatial distribution of the precipitates was carefully characterized
by means of transmission electron microscopy (TEM) (FEI Talos) [23]. The
microstructure of the aged alloys was made up of a homogeneous distribution
of precipitates in the Al matrix, as shown in the high-angle annular dark-
field mode (HAADF) micrographs in Fig. 1. The precipitates were identified
as θ′ (Al2Cu) from the reciprocal lattice images obtained using high reso-
lution dark field TEM images along with fast Fourier transform (FFT) of
the individual precipitates (Fig. 1b). The precipitates had a disk shape and
were parallel to the {100} planes of the FCC α-Al matrix, leading to three
different orientation variants, of which two are visible in the TEM images
with the electron beam parallel to <100>α. The precipitate volume fraction,
diameter and thickness were carefully measured in [23] from the TEM micro-
graphs using the methodology presented in [24]. The precipitate diameters
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Figure 1: HAADF micrographs of the Al-4%Cu specimens aged at 180◦C for 168 hours.
The FFT of the θ′ precipitates is shown in the inset of (b). The electron beam was close
to the <001>α orientation.
presented a log-normal distribution and the average values of the precipitate
volume fraction, diameter and thickness are shown in Table 1.
f (%) D (nm) t (nm) AR
1.0 ± 0.5 342 ± 47 9.0 ± 0.6 39 ± 6.6
Table 1: Volume fraction (f), diameter (D), thickness (t) and aspect ratio (AR) of the θ′
precipitates in the Al-4%Cu specimens aged at 180◦C for 168 h. [23].
Micropillars with an average aspect ratio in the range 2:1 to 3:1 were
milled using a focus ion beam (FEI Helios NanoLab 600i) from the polycrys-
tal in grains oriented single slip (the micropillar axis was close the <123>
direction) using the methodology detailed in [25]. Micropillars of circular
cross-section and different diameters (from 1 to 7 µm) as well as of square
cross-section (5 × 5 µm2) were carved to measure the CRSS in compression.
The taper angle was small (< 2◦) for circular micropillars and negligible (<
1◦) for square ones. Compression of the micropillars was carried out using
a circular diamond flat punch of 10 µm of diameter using a nanoindentor
(Hysitron TI950). Tests were carried out in displacement control at an av-
erage strain rate of ≈ 10−3 s−1 up to 10% strain. Circular micropillars with
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different diameter were deformed using a high-load transducer (up to 900
mN) that can deform the micropillar with the largest diameter. Square mi-
cropillars were deformed with a low-load transducer (12 mN) that was able
to capture the strain bursts.
The engineering stress-strain curves were calculated from the applied load
using the upper cross-sectional area and length of the pillars, measured after
the milling process. The engineering stress was transformed into the resolved
shear stress using the Schmid factor of the most suitable oriented slip system
in the micropillar. The CRSS - which correspond to the beginning of plastic
deformation when the dislocations are able to by-pass the precipitates- was
determined from the resolved shear stress-strain curves at a plastic strain of
0.02% [26, 27].
The average CRSS measured in the circular micropillars of different diam-
eter is plotted in Fig. 2a together with the standard deviation corresponding
to three tests for each diameter. These results show that the CRSS was in-
dependent of the micropillar diameter and, thus, representative of the CRSS
of the bulk. Similar behavior was found in the case of IN718 superalloy [28]
because the critical length scale that controls the CRSS in these precipitation-
hardened alloys is the distance between precipitates, which is much smaller
than the micropillar diameter. The resolved shear stress-strain curves of five
micropillars of square cross-section are plotted in Fig. 2b. The experimental
scatter was very small and the region corresponding to the onset of plastic
deformation is detailed in Fig. 2c. Small strain bursts were observed when
the resolved shear stress was around 80 MPa, which is in agreement with the
value of 80 ± 6 MPa, determined from the 0.02% plastic strain criterion.
3. Matrix and precipitate properties
The unit cells of the α-Al matrix and of the θ′ precipitate are shown in
Fig. 3. The α-Al matrix has a face-centered cubic (FCC) structure with a
lattice parameter aα = 0.405 nm. The θ
′ precipitate has a body-centered
tetragonal (BCT) structure (space group I4/mmm) with lattice parameters
aθ′ = 0.404 nm and cθ′ = 0.580 nm) [9]. The orientation relationship between
θ′ and α-Al is (001)′θ ‖ (001)α and [100]′θ ‖ [100]α, leading to three orientation
variants for the θ′ precipitates [29]. The θ′ precipitates have a disk-shape and
the broad faces of the disk are nearly fully coherent with the α-Al matrix
while the edges of the plates are semi-coherent.
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Figure 2: (a) Effect of micropillar diameter on the CRSS of the Al-4% Cu alloy aged at
180◦C for 168 hours. (b) Resolved shear stress-strain curves of square micropillars of 5 ×
5 µm2 oriented for single slip. (c) Detail of region marked with a rectangle in (b) showing
the small strain bursts associated with the onset of dislocation plasticity.
The phase transformation from the FCC α lattice to the BCT θ′ lattice
has been carefully analyzed [30, 31] and involves a homogeneous shear of the
whole cell by an angle arctan(1/3) around the coincident [100]α ‖ [100]′θ ori-
entations, leading to a lattice correspondence [013]α → [001]′θ and [010]α →
[010]′θ (Fig. 3). The transformation matrix, T, that links the lattice param-
eters of α-Al (eα) and θ
′ (eθ′) through Teα = eθ′ is given by [32, 29]:
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Figure 3: Unit cells of (a) α-Al matrix and (b) θ′ precipitates.
T =
aθ′/aα 0 00 aθ′/aα −1/3
0 0 cθ′/1.5aα
 (1)
for the precipitate variant in Fig. 3. The transformation matrix includes both
strains and rigid body rotations and the corresponding Lagrangian stress-free
transformation strain (SFTS), 0, can be expressed in the axis defined by the
FCC Al as [29]
0 =
1
2
(TTT− I) (2)
where I stands for the identity matrix.
The elastic constants (as well as the lattice parameters) of α-Al and θ′
were determined from first principles calculations in a previous investigation
[22]. and are depicted in Tables 2 and 3. It should be noted that the pre-
dictions of the elastic constants of α-Al are very close to the experimental
results [33].
C11 C12 C44
110.4 60.0 31.6
Table 2: Elastic constants (in GPa) of α - Al obtained from first principles calculations
[22].
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C11 = C22 C12 C13 = C23 C33 C44 = C55 C66
212.6 39.9 61.4 173.5 82.8 44.8
Table 3: Elastic constants (in GPa) of θ′ - Al2Cu precipitates from first principles calcu-
lations [22].
4. Dislocation dynamics simulations
Simulation of the dislocation/precipitate interactions within the frame-
work of DDD was carried using the discrete-continuous approach, originally
developed by Lemarchand et al. [34]. In this strategy, dislocation loops are
represented by plate-like inclusions with an eigenstrain that represents the
plastic strain associated with the area sheared by the dislocation. The dislo-
cation loop is discretized in segments and the displacement of each segment
in each simulation step depends on the Peach-Koehler force. The plastic
strain is computed directly from the area sheared by the dislocation loop and
this information is used to determine the mechanical fields in the simulation
domain. The main advantages of this simulation strategy is that the compu-
tational efforts do not increase with the square of the dislocation segments in
the simulation and, more importantly, that it is straightforward to introduce
elastic heterogeneities, anisotropic materials and transformation strains (as
well as other eigenstrains) in the simulation without increasing the compu-
tational effort. However, this strategy requires a very fine discretization of
the whole simulation domain and the solution of the mechanical fields using
the finite element method hindered the applicability of this approach. This
limitation was overcome with the use of a solver based on the FFT, leading
to an efficient DDD tool for problems involving elastic and plastic hetero-
geneities as well as eigenstrains [35]. This strategy was recently modified
by the authors to account for the interaction of a single straight disloca-
tion segment (with either edge or screw character) with one precipitate [22]
and it is extended here to a domain containing a homogeneous dispersion of
precipitates.
The basic elements of the DDD strategy are reviewed below for the sake of
completion and more details can be found in [35, 22]. In addition, the multi-
scale nature of the approach to model precipitation-hardening is emphasized:
the parameters that control the dislocation mobility as well as the interaction
of dislocations with the precipitates were obtained from simulations at lower
length scales, leading to predictions that are free from adjustable parameters.
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4.1. Dislocation mobility
Dislocations are discretized into segments limited by nodes. The velocity
of node i in the glide plane, vi, is given by
vi =

[Fgi − F ssi (Fgi /|Fgi |)]/B if |Fgi | > F ssi
0 if |Fgi | ≤ F ssi
(3)
where Fgi is the projection of the nodal force, Fi, on the glide plane (charac-
terized by the slip plane normal n) according to
Fgi = Fi − (Fi · n)n (4)
B is the viscous drag coefficient that depends on the dislocation character
and F ssi is a force threshold due to solid solution strengthening whose effect
is reducing the effective nodal glide forces, and thus, the corresponding nodal
velocity.
The nodal force Fi is determined as
Fi =
∑
j
fij (5)
where fij is the force acting on the segment ij (limited by nodes i and j),
which is computed according to
fij =
∫ xj
xi
Ni(x)f
pk
ij (x)dx (6)
where Ni is the interpolation function associated to node i and f
pk
ij is the
Peach-Koehler force given by
fpkij (x) =
(
σ(x) · bij
)
× tˆij (7)
where bij is the Burgers vector of the segment ij and tˆij the unit vector
parallel to the dislocation line.
The threshold nodal force in the glide plane due to solid solution, F ssi ,
can be determined from eqs. (4) to (7) by assuming that the Peach-Koehler
force accounting for solid solution strengthening in each dislocation segment,
fpk,ssij , is constant and equal to
fpk,ssij = τssb (8)
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where τss is contribution of solid solution to the CRSS. This approach to
take into account solid solution in DDD simulations has been used by other
authors [14].
The viscous drag coefficient B in eq. (3) was determined in Al by Cho et
al. [36] as a function of the dislocation character using molecular dynamics
simulations and these results were approximated by an analytical function
reported in [22].
4.2. Dislocation cross-slip
Cross-slip of screw dislocation segments during the simulations was ac-
counted for through an Arrhenius-type equation characteristic of thermally
activated processes [37, 38]. In this investigation, the cross-slip probability
P of a screw dislocation segment of length L in Al was determined as a
function of the applied stress σ and temperature T from molecular dynamics
simulations within harmonic transition state theory framework according to
[39]
P (σ, T ) = νeff
L
Ln
e−[∆H(σ)(1−
T
Tm
)]/kbT∆t (9)
where kb stands for the Boltzmann constant, ∆t is the time step in the DDD
simulation and Ln (= 2.8 nm) the nucleation length, i.e. the length between
constrictions to nucleate the cross-slip process, which was determined for
Al using the nugded elastic band method [39]. νeff is an effective attempt
frequency that is obtained from the product of the fundamental attempt
frequency (= 1011 [40, 41]) with a scaling factor given by the ratio of the
simulation strain rate (104 s−1) to the experimental strain rate (10−3 s−1),
following the strategy presented in [38]. The scaling factor is used to have the
same number of cross-slip attempts in the simulation and in the experiments
in the same time interval. Finally, ∆H is the activation enthalpy for cross-
slip that was computed from molecular dynamics simulations at different
temperatures, leading to an analytical expression for the energy barrier as
function of the Schmid stress on the cross-slip plane (σcsS ) and of the Escaig
stresses on the glide (σgE) and cross-slip (σ
cs
E ) planes [39]
∆H(σgE, σ
cs
E , σ
CS
S ) = ∆E0 − (V gEσgE + V csE σcsE + V csS σcsS )−
1
2
[Ω1σ
g
Eσ
cs
E + Ω2σ
g
Eσ
cs
S + Ω3σ
cs
E σ
cs
S + Ω
cs
S (σ
cs
S )
2]
(10)
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where ∆E0 (= 0.582 eV) is the activation energy in the athermal limit,
determined using the nugded elastic band method, while V gE , V
cs
E and V
cs
S
stand for the activation volumes corresponding to the Escaig stress on the
glide and cross-slip planes and to the Schmid stress on the cross-slip plane,
respectively. Finally, Ω1, Ω2, Ω3 and Ω
cs
S stand for the polarization coefficients
that account for the interaction of the applied stress with the local stress field
created by the defect. The activation volumes and polarization coefficients in
eq. (10) can be found in [39] and are depicted in tables 4 and 5 respectively.
V gE V
CS
E V
CS
S
13.6 11.6 9.4
Table 4: Cross-slip activation volumes for Escaig stress on the glide (V gE) and cross-slip
(V csE ) planes and for the Schmid stress on the cross-slip plane (V
cs
S ) expressed in b
3, where
b is the Burgers vector of Al [39].
ΩcsS Ω1 Ω2 Ω3
0.102 -0.0516 -0.0652 -0.0294
Table 5: Cross-slip polarization coefficients expressed in b3/MPa [39].
Finally, the term (1 − T/Tm) in eq. (9) takes into account the entropic
contribution to the activation energy through the enthalpy-entropy Meyer-
Neldel compensation rule [42].
Cross-slip was introduced into the DDD simulations using a Metropolis
MonteCarlo. To this end, the cross-slip probability defined in eq. (9) was
evaluated for screw dislocation segments in the dislocation network with a
tolerance of ± 2◦ between the direction of the Burgers vector and of the
screw dislocation segment. Larger tolerances (up to 15◦ [38]) can be found
in the literature but it was considered that larger tolerances would change
significantly the local stress state at the dislocation segments and influence
artificially the cross-slip. Then, the Peach-Koehler force acting on the seg-
ment was projected to both the glide and the potential cross-slip planes and
it was required that that projection of the Peach-Koehler force on the cross-
slip plane was at least twice higher than that in initial glide plane to avoid
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numerical oscillations and to facilitate that the dislocation segments contin-
ued to glide in the cross-slip plane. Finally, the energy barrier and cross-slip
probability were computed for the dislocation segment. If the cross-slip prob-
ability was higher than 1, cross-slip occurred. If not, a random number in the
range 0 to 1 was generated and cross-lip was allowed if the random number
was lower than the cross-slip probability.
5. Results
The mechanical response of the Al-4 wt.% Cu alloy was simulated using
DDD in a cubic domain V of 1 x 1 x 1 µm3. The domain contained either
a straight edge or screw dislocation, represented by a black line in Fig. 4.
The axes of the cubic domain were parallel to the [11¯2], [110] and [1¯11]
orientations of the α-Al lattice in the case of the (1¯11)[110] edge dislocation
(Fig. 4a). They were parallel to the [110], [1¯12¯] and [1¯11] orientations of
the α-Al lattice if the domain contained an (1¯11)[110] screw dislocation (Fig.
4b). Thus, the initial dislocation density in the simulations was 1012 m−2,
which is reasonable for well-annealed crystals.
θ′ precipitates were modelled as circular disks of 340 nm in diameter and
9 nm in thickness. 12 precipitates of these dimensions were introduced in
the simulation box to attain a precipitate volume fraction of 1%, in agree-
ment with the experimental results summarized in Table 1. Although the
precipitate diameters in the alloy followed a log-normal distribution, all the
precipitates in simulation box had the same dimensions. Sobie et al. [43]
analyzed the strengthening due to voids and interstitial loops formed by ir-
radiation by means of dislocation dynamics. The hardening from a normal
distribution of defects was compared to that from the mean size, and was
shown to have no statistically significant dependence on the distribution for
both voids and loops. Precipitates of the three different orientation variants
(with the broad face parallel to the (100), (010) and (001) planes of the FCC
α-Al lattice) were included in the simulation domain. Each precipitate vari-
ant has 4 possible orientations of the SFTS due to the 4th fold rotational
symmetry of the (001)α planes and one of them was randomly assigned to
each precipitate.
DDD simulations were carried out by applying a shear strain parallel to
the (1¯11) plane in the [110] direction at an applied strain rate of 104 s−1
and a temperature T = 300 K (Fig. 4). In a previous investigation [22],
simulations at strain rates in the range 102 to 105 s−1 were carried out in
13
Figure 4: Cubic simulation domain containing 12 θ′ precipitates. (a) Initial edge disloca-
tion. (b) Initial screw dislocation. Initial dislocations are represented by a straight black
line.
similar domains containing only one precipitate. The results were compared
with those obtained using a relaxation strategy that allows to study the
dislocation dynamics under quasi-static conditions. It was found that the
stress-strain curves obtained at strain rates ≤ 104s−1 were equivalent to those
found under quasi-static conditions.
Equations of motion were integrated using an Euler explicit scheme in
each time step of the DDD simulation. The dislocation velocity was deter-
mined from the Peach-Koehler force on the slip plane, according to eq. (3).
In addition, the plastic strain accumulated in each time step was determined
from the area swept by the dislocation line, as indicated in [35]. The effect
of solid solution was included in the analysis through the friction stress τss
14
which depends on volume fraction of Cu atoms which remain in solid so-
lution. Taking into account the precipitate volume fraction, the remaining
fraction of Cu atoms in solid solution was 3.5% of Cu. Their contribution to
the CRSS was quantified by [23] and it was equal to 25 MPa.
The Peach-Koehler force acting on the dislocation line was determined
in each time step by solving the mechanical equilibrium equations in the
domain V under periodic boundary conditions according to
σ(x) = C(x) : [(x)− p(x)− δ(x)0p], ∀x ∈ V
div(σ(x)) = 0 x ∈ V
σ · n opposite on opposite sides of ∂V
1
V
∫
V
(x) = E
(11)
where C denotes the fourth order elasticity tensor (which is different in the
matrix and in the precipitate),  the total strain, p the plastic strain, 0p the
SFTS (which is different in each precipitate depending on the orientation
variant and on the orientation of the transformation strain in the precipi-
tate), ∂V the boundaries of domain V with normal n and E the imposed
macroscopic strain. δ(x) is the Dirac delta function which is equal to 1 inside
the precipitates and equal to 0 in the Al matrix. The plastic strain p(x) was
computed directly from dislocation motion in the DCM [44]. The boundary
value problem was analyzed using FFT solver [44, 35] with a grid of 128 x
128 x 128 voxels. The details of the FFT algorithm can be found in [35]. It
should be noted that the Gibbs fluctuations, associated with the FFT solver,
due to the discontinuous strain field were attenuated by the use of rotational
discrete gradient operators in Fourier space [45].
12 cubic domains with different precipitate distributions were generated.
Six included an initial edge dislocation and six an initial screw dislocation.
The straight dislocation segments were introduced using the methodology
presented in [22]. To this end, a rectangular prismatic loop parallel to one
cube faces was introduced in the cubic domain and two opposite sides of the
loop were moved in opposite directions until they reached the boundaries
of the domain and annihilate each other leading to two straight dislocations
forming a dipole within the domain. One of the dislocations was fixed during
the simulation and the Field Dislocation Mechanics method was used to
cancel the stress field created in the domain by the fixed dislocation following
the methodology presented in [46, 47, 48].
DDD simulations were carried out assuming that precipitates were impen-
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etrable for dislocations but including different dislocation/precipitate inter-
action mechanisms to ascertain the role played for each one on the CRSS. For
the sake of clarity, simulations without and with cross-slip will be discussed
separately.
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Figure 5: Shear stress (τ) - strain (γ) curves obtained from the DDD simulation of a
cubic domain of the alloy. (a) Initial edge dislocation. (b) Initial screw dislocation. The
blue and red squares correspond to the snapshots of the simulations in Figs. 6 and 7,
respectively.
5.1. Simulations without cross-slip
The dislocation remains in the initial slip plane in the simulations without
cross-slip and it is easy to monitor the progress of the dislocation depending
on the physical dislocation/precipitate interaction mechanisms included in
the analyses. In the first type of simulations, the elastic mismatch between
the matrix and the precipitate was included in the analysis. The effect of
the SFTS around the precipitates was added in the second set of simulations
while the influence of solid solution strengthening was also included in the last
set of simulations. The corresponding shear stress - shear strain curves are
plotted in Figs. 5a and b for two simulation domains that initially contain an
edge or a screw dislocation, respectively. In all cases, the shear stress- strain
curve are linear until the dislocation is able to overcome the precipitates and
the initial CRSS is clearly defined by the first drop in the applied stress at
the onset of non-linear deformation.
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Figure 6: Snapshot of the dislocation/precipitates interactions at the blue square in the
shear stress-strain curve in Fig. 5a (τ = 18 MPa). The shear stress field in the image
corresponds to the initial one induced by the edge dislocation.
Large differences in the CRSS were observed for both edge and screw
dislocations as a function of the interaction mechanisms included in the sim-
ulation. Simulations that only considered that the precipitates were im-
penetrable for dislocations and the image stress associated with the elastic
mismatch led to CRSS slightly higher than 20 MPa. Moreover, the CRSS
only decreased by ≈ 1 MPa if the elastic mismatch was not included in
the simulations, in agreement with previous investigations [15]. Under these
circumstances, only the precipitates that intersect the glide plane are an ob-
stacle to the dislocation glide and the CRSS is determined by the area and
orientation of the cross-section of the precipitates in the glide plane. The
evolution of the dislocation line in the slip plane is plotted together with
the shear stress-strain curve in the movie found in the Supplementary Ma-
terial (Movie S1, Dislocation-precipitate-Orowan.avi). One snapshot of this
movie (that corresponds to the blue square in the shear stress-strain curves
in Fig. 5a) is shown in Fig. 6. The applied shear stress was 18 MPa and
the dislocation line was about to overcome the precipitates in the glide plane
by making a loop between two precipitates (one perpendicular to the dislo-
cation line and another located in the upper right of the glide plane). The
cross-section and relative location of these precipitates within the glide plane
determined the CRSS.
The CRSS increased by a factor of 2 or more if the SFTS around the
precipitates were included in the simulations. The magnitude of these stresses
is depicted in Fig. 7a which shows the shear stress in the glide plane due to
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the contribution of the SFTS and of the edge dislocation segment (black line)
for a given simulation domain containing 12 precipitates. Negative (blue)
values of the shear stress hinder the glide of the dislocation line, which is
favoured to glide into regions with positive (red) shear stresses. The evolution
of the dislocation line in the slip plane taking into account the effect of the
SFTS is plotted together with the shear stress-strain curve in the movie found
in the Supplementary Material (Movie S2, Dislocation-precipitate-Orowan-
SFTS.avi). The influence of the SFTS is clearly observed in the snapshots
of the movie shown in Fig. 7b and c that correspond to the red squares
in the shear stress-strain curves in Fig. 5a when the applied shear stresses
were 18 MPa and 39 MPa, respectively. The dislocation line is trapped by
the negative (blue) shear stress fields when the applied shear stress was 18
MPa (Fig. 7b) and it was necessary to increase the shear stress up to 39
MPa (Fig. 7c) to by-pass the precipitate distribution. It is obvious from this
figure that the main obstacle to the dislocation glide are not the precipitates
but the large SFTS associated to them. Moreover, the most relevant SFTS
correspond to precipitates that do not intersect the glide plane, indicating
the 3D nature of the problem.
It should be noticed that -on average- the CRSS obtained in the case
of initial screw dislocations was higher than that in the case of initial edge
dislocations. This difference can be explained considering the spatial dis-
tribution of the three precipitate orientation variants with respect to the
Burgers vector of the dislocation. A schematic of the slip plane showing the
relative orientation of the dislocation line and of the Burgers vector with re-
spect to the intersection of the three precipitate variants with the slip plane
in the case of edge and screw dislocations is depicted in Figures 8(a) and (b),
respectively. The movement of the screw dislocation (perpendicular to the
Burgers vector) has to overcome one precipitate variant with the broad face
parallel to the dislocation line, which is the strongest obstacle to the dislo-
cation motion (Fig. 8(b)), while the precipitate variant by the broad face
perpendicular to the dislocation line in Fig. 8(a) is the weakest obstacle for
the propagation of the edge dislocation parallel to the Burgers vector. The
precipitate variants oriented at +60◦ and -60◦ are in between those extreme
cases.
Finally, the introduction in the simulations of the friction associated with
the solution hardening led to a linear increase in the CRSS equal to the
magnitude of τss (Fig. 5).
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Figure 7: (a) Shear stresses in the glide plane due to the contribution of the SFTS of the
precipitates and of the dislocation line in a simulation domain containing 12 precipitates.
The edge dislocation is shown as a black line. (b) Snapshot of the dislocation/precipitates
interactions at the red square in the shear stress-strain curve in Fig. 5a (τ = 18 MPa).
(c) Idem at the red square in the shear stress-strain curve in Fig. 5a (τ = 39 MPa). The
shear stress field in the images always corresponds to the initial one induced by the edge
dislocation and the SFTS of the precipitates.
5.2. Simulations with cross-slip
Including cross-slip in the simulations led to a more complex disloca-
tion/precipitate interaction pattern, as the dislocation cross-slips outside
of the initial glide plane and interacts with precipitates, stress fields and
other dislocations segments throughout the simulation box. The disloca-
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Figure 8: Schematic of the slip plane showing the relative orientation of the dislocation
line and of the Burgers vector with respect to the intersection of the three precipitate
variants with the slip plane. (a) Edge dislocation. (b) Screw dislocation.
tion/precipitate interaction mechanisms in this case are depicted in the corre-
sponding movie found in the Supplementary Material (Movie S3, Dislocation-
precipitate-cross-slip.avi). This movie shows the progress of an initial edge
dislocation through the simulation box from two different perspectives (the
simulation box is observed from two perpendicular cubes faces). Dislocation
segments in the initial slip plane are blue lines and change to red lines when
screw segments cross-slip into another slip plane. Cross-slip occurs when the
dislocations approach to the precipitates in certain orientations as a result
of the interaction of the SFTS around the precipitates with the dislocations,
leading to complex 3D dislocation patterns.
The presence of cross-slip changed the dislocation path through the pre-
cipitate forest looking for paths that presented lower resistance to the dislo-
cation glide. This mechanism was more efficient in the case of precipitate dis-
tributions that presented a high resistance to the propagation of dislocations,
as the one shown in Fig. 9a. This plot shows the shear stress-strain curves
obtained from the DDD simulation of an initial edge dislocation assuming
that the interaction of the dislocation with the impenetrable precipitates in-
cluded different mechanisms (elastic mismatch, elastic mismatch plus SFTS
and both mechanisms plus cross-slip). The effect of solid solution was not
included because it only leads to a linear increase in the CRSS. The presence
of the SFTS led to a large value of the CRSS (above 40 MPa that was the
average value for an initial edge dislocation) but this CRSS decreased in the
presence of cross-slip up to 30 MPa because cross-slip allowed the dislocation
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Figure 9: (a) Shear stress-strain curves obtained from DDD simulations of a cubic domain
of the alloy containing an initial edge dislocation. (b) Dislocation density evolution for
the DDD plotted in (a). (c) Shear stress-strain curves obtained from DDD simulations of
a cubic domain of the alloy containing an initial screw dislocation. (d) Dislocation density
evolution for the DDD plotted in (c).
to find a lower resistance path. The evolution of the dislocation density for
the three different dislocation/precipitate interaction mechanisms is plotted
in Fig. 9b. The CRSS is identified in Fig. 9a by a sudden drop in the shear
stress that corresponds to a sudden increase in the dislocation density ρ as
the dislocation overcomes the precipitates due to the storage of dislocations
in the form of Orowan loops around the precipitates (Fig. 9b). As expected,
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the dislocation density increased more rapidly in the presence of cross-slip
but this higher dislocation density did not influence the hardening of the
alloy in this initial stages of plastic deformation.
If the resistance of the precipitate realization to the propagation of the
dislocation was similar to the average, the presence of cross-slip did not mod-
ify significantly the CRSS. This is shown in Fig. 9c, which includes the shear
stress-strain curves obtained from the DDD simulation of the propagation of
an initial screw dislocation. The same mechanisms of dislocation/precipitate
interaction indicated in Fig. 9a are considered in this figure. Cross-slip only
led to a slight reduction in the CRSS in this case, although the dislocation
density was always higher in the simulations including cross-slip. As a result,
cross-slip reduced slightly the average value of the CRSS and reduced more
the differences in CRSS among different precipitate realizations.
5.3. Comparison with experiments
The CRSS was determined from the DDD simulations corresponding to
12 domains with different precipitate distributions (six with an initial edge
dislocation and another six with an initial screw dislocation). Five different
scenarios of dislocation/precipitate interactions were included in the simula-
tion of each domain. Only the Orowan mechanism (precipitates are impen-
etrable by dislocations) was considered in the first case. The image stresses
were added in the second case, while the effect of the SFTS was also included
in the third case. The effect of solid solution strengthening was added to the
other three mechanisms in the fourth scenario while dislocation cross-slip was
finally included in the fifth case.
The average values of the CRSS corresponding to the 12 simulations for
each scenario are plotted in Fig. 10 together with the corresponding standard
deviations. The CRSS in the scenarios including only the Orowan mechanism
or the Orowan mechanism plus the contribution of the images stresses due
to elastic mismatch was in the range 15 to 30 MPa, far away from the exper-
imental results (also included in Fig. 10). The most relevant contributions
to the precipitate strengthening in the case of the Al-Cu alloy containing θ′
precipitates were induced by the SFTS and the solid solution of Cu atoms in
the Al matrix. In particular, the SFTS increased the CRSS by ≈ 30 MPa due
to the strong interaction of the dislocations with shear stresses induced by
the transformation strain associated with the nucleation of the precipitate.
In addition, the heterogeneity of the stress fields around the precipitates also
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led to a large increase in the scatter in the CRSS obtained with different pre-
cipitate distributions. This scatter was reduced when cross-slip was included
in the simulations because the dislocations are allowed to propagate along
different slip planes to overcome the barriers induced by the precipitates and
by the SFTS. Nevertheless, cross-slip only reduced slightly the average value
of the CRSS because it was not easy to overcome the obstacles induced by the
precipitates and the associated stress fields even when cross-slip was allowed.
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Figure 10: DDD predictions of the CRSS for the Al-4wt.%Cu aged at high temperature as
function of the dislocation/precipitate interaction mechanisms and experimental results.
Overall, the DDD predictions of the CRSS including all the physical mech-
anisms were in very good agreement with the experimental data and demon-
strate the potential of DDD to make accurate predictions of precipitate-
hardening in metallic alloys. The simulations also reveal why Al-Cu alloys
present an outstanding response to precipitation hardening. The Orowan
mechanism (which mainly depends on geometrical features and is present in
all precipitation-hardened alloys) only contributes to ≈ 25% of the CRSS and
most of the hardening is provided by transformation stresses around the pre-
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cipitate and by the large solid solution hardening induced by the Cu atoms
[49]. Similarly, the contribution of solution hardening and of the coherency
strains (due to the lattice misfit between the γ matrix and the γ′ precipitates)
to the overall strength is important in the case of precipitation-hardened Ni-
based superalloys [20, 50]: However, they do not contribute significantly to
the CRSS of Mg alloys [25, 51], that present a weaker response to precipita-
tion hardening.
It should be finally noted that that all the parameters that determine the
interaction between the Al matrix and the precipitates were obtained from
atomistic simulations or independent experimental observations and the re-
sults are free from adjustable parameters. In particular, lattice and elastic
constants of the matrix and the precipitate were computed from DFT simula-
tions [22], dislocation mobility and cross-slip parameters were obtained from
MD simulations [36, 39] and the solid solution contribution to the CRSS
in addition to the details of the precipitate size, shape and volume fraction
were taken from experimental observations [23]. Moreover, DDD simulations
in combination with multiscale modelling strategies to simulate precipitate
nucleation and growth during thermal treatments [52] can be used to opti-
mize precipitate hardening of metallic alloys or design new alloys improved
mechanical properties [53]. In addition, the DDD strategy can also be used
to analyze the effect of temperature on the CRSS for precipitation-hardened
alloys (which enters in the simulations through the elastic constants of the
phases and, more importantly, the cross-slip probability) as well as the initial
work hardening rate due to the increase in dislocation density as a result of
the interaction of dislocations with precipitates.
6. Conclusions
The CRSS for dislocation slip was determined in an Al-Cu alloy contain-
ing a homogeneous dispersion of the θ′ precipitates using discrete dislocation
dynamics. The precipitates were circular disks parallel to the {100} planes
of the FCC Al lattice and the size, shape and volume fraction of the pre-
cipitates were obtained from TEM observations. The precipitates were as-
sumed to be impenetrable by the dislocations and the main parameters that
determine the dislocation/precipitate interactions (elastic mismatch, stress-
free transformation strains, dislocation mobility and cross-slip rate) were
obtained from atomistic simulations. The discrete dislocation dynamics sim-
ulations were carried out within the framework of the discrete-continuous
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method which allows the inclusions of all the dislocation/precipitate interac-
tion mechanisms and the mechanical fields during the analysis were obtained
using a FFT solver.
The predictions of the CRSS were in agreement with the experimental
results obtained by means of compression tests in micropillars oriented for
single slip of the Al-Cu alloy. It should be noted that all the parameters in
the simulations were obtained from either simulations or independent experi-
ments, validating the predictive capability of the discrete dislocation dynam-
ics simulations. In addition, the quantitative contribution of each mechanism
to the CRSS could be ascertained from the simulations and provided an ex-
planation for the strong response of Al-Cu alloys to precipitation hardening.
It was found that the most important contribution to the CRSS was caused
by the interaction of the dislocations with the stress fields in the matrix due
to the transformation strains associated with the formation of the θ′ pre-
cipitates, followed by solid solution hardening and the Orowan contribution
due to the bow out of the dislocations around the precipitates. The effect of
the elastic mismatch between the matrix and the precipitates was negligible
while the presence of cross-slip at ambient temperature reduced slightly the
CRSS.
The bottom-up, multiscale simulation strategy presented in this paper
opens the way to ascertain the different contributions to precipitate strength-
ening in metallic alloys and to optimize current alloys o design new ones based
on the quantitative estimation of the influence of different factors (size, shape
and spatial distribution of the precipitates, coherency and/or transformation
strains, solid solution strengthening) on the CRSS. Moreover, the same sim-
ulation strategy can be used to analyze the effect of temperature on the
CRSS and the initial work hardening rate due to the interaction between
dislocations and dislocations and precipitates.
7. Acknowledgments
This investigation was supported by the European Research Council un-
der the European Union’s Horizon 2020 research and innovation programme
(Advanced Grant VIRMETAL, grant agreement No. 669141). RS and BB
acknowledge the support from the Spanish Ministry of Education through
the Fellowships FPU16/00770 and FPU15/00403.
25
References
[1] A. J. Ardell, Precipitation hardening, Metallurgical Transactions A 16
(1985) 2131–2165.
[2] T. Balakrishna Bhat, V. S. Arunachalam, Strengthening mechanisms
in alloys, Proceedings of the Indian Academy of Sciences Section C:
Engineering Sciences 3 (1980) 275–296.
[3] J. W. Martin, Precipitation Hardening, 2nd Edition, Butterworth-
Heinemann, 1998.
[4] E. Orowan, Discussion on internal stresses, in: Symposium on internal
stresses in metals and alloys, Institute of Metals, Londong, 1948, pp.
451–453.
[5] D. J. Bacon, U. F. Kocks, R. O. Scattergood, The effect of dislocation
self-interaction on the orowan stress, Philosophical Magazine 28 (1973)
1241 – 1263.
[6] A. J. E. Foreman, M. J. Makin, Dislocation movement through random
arrays of obstacles, Philosophical Magazine 14 (1966) 911–924.
[7] U. F. Kocks, A statistical theory of flow stress and work-hardening,
Philosophical Magazine 13 (1966) 541–566.
[8] J. F. Nie, B. C. Muddle, I. J. Polmear, The effect of precipitate shape
and orientation on dispersion strengthening in high strength aluminium
alloys, in: Materials Science Forum, Vol. 217, Trans Tech Publ, 1996,
pp. 1257–1262.
[9] J. F. Nie, Physical metallurgy of light alloys, in: Physical Metallurgy,
5th edition, Elsevier, 2014, pp. 2009–2156.
[10] Y. Xiang, D. Srolovitz, L.-T. Cheng, W. E, Level set simulations of
dislocation-particle bypass mechanisms, Acta Materialia 52 (2004) 1745
– 1760.
[11] Y. Xiang, D. J. Srolovitz, Dislocation climb effects on particle bypass
mechanisms, Philosophical Magazine 86 (2006) 3937–3957.
26
[12] G. Monnet, Investigation of precipitation hardening by dislocation dy-
namics simulations, Philosophical Magazine 86 (2006) 5927 – 5941.
[13] G. Monnet, S. Naamane, B. Devincre, Orowan strengthening at low tem-
peratures in bcc materials studied by dislocation dynamics simulations,
Acta Materialia 59 (2011) 451 – 461.
[14] S. Queyreau, G. Monnet, B. Devincre, Orowan strengthening and forest
hardening superposition examined by dislocation dynamics simulations,
Acta Materialia 58 (2010) 5586 – 5595.
[15] C. S. Shin, M. C. Fivel, M. Verdier, K. H. Oh, Dislocationimpenetrable
precipitate interaction: a three-dimensional discrete dislocation dynam-
ics analysis, Philosophical Magazine 83 (2003) 3691 – 3704.
[16] A. Takahashi, N. M. Ghoniem, A computational method for dislocation-
precipitate interaction, Journal of the Mechanics and Physics of Solids
56 (2008) 1534 – 1553.
[17] A. Takahashi, Y. Terada, Numerical simulation of dislocation-
precipitate interactions using dislocation dynamics combined with voxel-
based finite elements, in: Fracture and Strength of Solids VII, Vol. 462
of Key Engineering Materials, Trans Tech Publications, 2011, pp. 395 –
400.
[18] G. Monnet, Multiscale modeling of precipitation hardening: Application
to the Fe–Cr alloys, Acta Materialia 95 (2015) 302–311.
[19] A. Lehtinen, F. Granberg, L. Laurson, K. Nordlund, M. J. Alava, Multi-
scale modeling of dislocation-precipitate interactions in fe: From molec-
ular dynamics to discrete dislocations, Physical Review E 93 (2016)
013309.
[20] S. Gao, M. Fivel, A. Ma, A. Hartmaier, Influence of misfit stresses on
dislocation glide in single crystal superalloys: A three-dimensional dis-
crete dislocation dynamics study, Journal of the Mechanics and Physics
of Solids 76 (2015) 276 – 290.
[21] T. Zlek, J. Svoboda, A. Dlouh, High temperature dislocation processes
in precipitation hardened crystals investigated by a 3D discrete disloca-
tion dynamics, International Journal of Plasticity 97 (2017) 1 – 23.
27
[22] R. Santos-Gu¨emes, G. Esteban-Manzanares, I. Papadimitriou, J. Segu-
rado, L. Capolungo, J. LLorca, Discrete dislocation dynamics simula-
tions of dislocation- θ′ precipitate interaction in Al-Cu alloys, Journal
of the Mechanics and Physics of Solids 118 (2018) 228–244.
[23] A. Rodr´ıguez-Veiga, B. Bello´n, I. Papadimitriou, G. Esteban-
Manzanares, I. Sabirov, J. LLorca, A multidisciplinary approach to
study precipitation kinetics and hardening in an Al-4Cu (wt. %) alloy,
Journal of Alloys and Compounds 757 (2018) 504 – 519.
[24] J. F. Nie, B. C. Muddle, Strengthening of an Al-Cu by deformation-
resistant precipitates plates, Acta Materialia 56 (2008) 3490 – 3501.
[25] J.-Y. Wang, N. Li, R. Alizadeh, M. A. Monclu´s, Y. W. Cui, J. M.
Aldaregu´ıa, J. LLorca, Effect of solute content and temperature on the
deformation mechanisms and critical resolved shear stress in Mg-Al and
Mg-Zn alloys, Acta Materialia 170 (2008) 155 – 165.
[26] H. Proudhon, W. J. Poole, X. Wang, Y. Bre´chet, The role of internal
stresses on the plastic deformation of the Al-Mg-Si-Cu alloy AA6111,
Philosophical Magazine 88 (2008) 621–640.
[27] A. H. Committee, Properties and Selection: Nonferrous Alloys and
Special-Purpose Materials, ASM International, 1990.
[28] A. Cruzado, B. Gan, M. Jime´nez, D. Barba, K. Ostolaza, A. Linaza,
J. M. Aldaregu´ıa, J. LLorca, J. Segurado, Multiscale modeling of the
mechanical behavior of IN718 superalloy based on micropillar compres-
sion and computational homogenization, Acta Materialia 98 (2015) 242
– 253.
[29] H. Liu, B. Bello´n, J. LLorca, Multiscale modelling of the morphology and
spatial distribution of θ′ precipitates in Al-Cu alloys, Acta Materialia
132 (2017) 611–626.
[30] U. Dahmen, K. H. Westmacott, Ledge structure and mechanism of θ′
precipitate growth in Al-Cu, Physica Status Solidi A 80 (1983) 249 –
252.
[31] J. F. Nie, B. C. Muddle, The lattice correspondence and diffusional-
displacive phase transformations, Materials Forum 23 (1999) 23 – 40.
28
[32] Y. Gao, H. Liu, R. Shi, N. Zhou, Z. Xu, Y. Zhu, J. Nie, Y. Wang,
Simulation study of precipitation in an MgYNd alloy, Acta Materialia
60 (2012) 4819 – 4832.
[33] G. V. Sinko, N. A. Smirnov, Ab initio calculations of elastic constants
and thermodynamic properties of bcc, fcc, and hcp al crystals under
pressure, Journal of Physics: Condensed Matter 14 (2002) 6989.
[34] C. Lemarchand, B. Devincre, L. Kubin, Homogenization method for a
discrete-continuum simulation of dislocation dynamics, Journal of the
Mechanics and Physics of Solids 49 (2001) 1969 – 1982.
[35] N. Bertin, L. Capolungo, A FFT-based formulation for discrete dis-
location dynamics in heterogeneous media, Journal of Computational
Physics 355 (2018) 366–384.
[36] J. Cho, J.-F. Molinari, G. Anciaux, Mobility law of dislocations with
several character angles and temperatures in FCC aluminum, Interna-
tional Journal of Plasticity 90 (2017) 66 – 75.
[37] L. P. Kubin, G. Canova, M. Condat, B. Devincre, V. Pontikis,
Y. Brechet, Dislocation Microstructures and Plastic Flow: A 3D Simu-
lation, Solid State Phenomena 23-24 (1992) 455–472.
[38] A. M. Hussein, S. I. Rao, M. D. Uchic, D. M. Dimiduk, J. A. El-Awady,
Microstructurally based cross-slip mechanisms and their effects on dislo-
cation microstructure evolution in fcc crystals, Acta Materialia 85 (2015)
180–190.
[39] G. Esteban-Manzanares, R. Santos-Gemes, I. Papadimitriou,
E. Mart´ınez, J. LLorca, Influence of the stress state on the cross-
slip free energy barrier in Al: an atomistic investigation, Acta
Materialia 184 (2020) 109–119.
[40] S. Saroukhani, L. Nguyen, K. Leung, C. Singh, D. Warner, Harnessing
atomistic simulations to predict the rate at which dislocations overcome
obstacles, Journal of the Mechanics and Physics of Solids 90 (2016) 203–
214.
29
[41] C. Sobie, L. Capolungo, D. L. McDowell, E. Martinez, Modal analysis
of dislocation vibration and reaction attempt frequency, Acta Materialia
134 (2017) 203–210.
[42] W. Meyer, H. Neldel, Relation between the energy constant and the
quantity constant in the conductivity–temperature formula of oxide
semiconductors, Z. Tech. Phys 18 (1937) 588–593.
[43] C. Sobie, N. Bertin, L. Capolungo, Analysis of obstacle hardening mod-
els using dislocation dynamics: Application to irradiation-induced de-
fects, Metallurgical and Materials Transactions 46 (2015) 3761–3772.
[44] N. Bertin, M. V. Upadhyay, C. Pradalier, L. Capolungo, A fft-based
formulation for efficient mechanical fields computation in isotropic and
anisotropic periodic discrete dislocation dynamics, Modelling and Sim-
ulation in Materials Science and Engineering 23 (2015) 065009.
[45] F. Willot, Fourier-based schemes for computing the mechanical response
of composites with accurate local fields, Comptes Rendus Me´canique 343
(2015) 232 – 245.
[46] S. Berbenni, V. Taupin, K. S. Djaka, C. Fressengeas, A numerical spec-
tral approach for solving elasto-static field dislocation and g-disclination
mechanics, International Journal of Solids and Structures 51 (2014)
4157–4175.
[47] R. Brenner, A. J. Beaudoin, P. Suquet, A. Acharya, Numerical imple-
mentation of static field dislocation mechanics theory for periodic media,
Philosophical Magazine 94 (2014) 1764 – 1787.
[48] K. S. Djaka, A. Villani, V. Taupin, L. Capolungo, S. Berbenni, Field
dislocation mechanics for heterogeneous elastic materials: A numerical
spectral approach, Computer Methods in Applied Mechanics and Engi-
neering 315 (2017) 921 – 942.
[49] G. P. M. Leyson, W. A. Curtin, L. G. Hector, C. F..Woodward, Quan-
titative prediction of solute strengthening in aluminium alloys, Nature
Materials 9 (2010) 750–755.
30
[50] A. J. Goodfellow, Strengthening mechanisms in polycrystalline nickel-
based superalloys, Materials Science and Technology 34 (2018) 1793 –
1808.
[51] Z. Huang, J. E. Allison, A. Misra, Interaction of glide dislocations with
extended precipitates in Mg-Nd alloys, Scientific Reports 8 (2018) 3570.
[52] H. Liu, I. Papadimitriou, F. Lin, J. LLorca, Precipitation during high
temperature aging of Al-Cu alloys: A multiscale analysis based on first
principles calculations, Acta Materialia 167 (2019) 121–135.
[53] I. J. Beyerlein, S. Xu, J. LLorca, J. A. El-Awady, J. R. Mianroodi,
B. Svendsen, Alloy design for mechanical properties: Conquering the
length scales, MRS Bulletin 44 (2019) 257–265.
31
